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A FAMILY OF ROTATION NUMBERS FOR DISCRETE
RANDOM DYNAMICS ON THE CIRCLE
CHRISTIAN S. RODRIGUES AND PAULO R. C. RUFFINO
Abstract. We revisit the problem of well-defining rotation numbers
for discrete random dynamical systems on S1. We show that, contrast-
ing with deterministic systems, the topological (i.e. based on Poincare´
lifts) approach does depend on the choice of lifts (e.g. continuously for
nonatomic randomness). Furthermore, the winding orbit rotation num-
ber does not agree with the topological rotation number. Existence and
conversion formulae between these distinct numbers are presented. Fi-
nally, we prove a sampling in time theorem which recovers the rotation
number of continuous Stratonovich stochastic dynamical systems on S1
out of its time discretisation of the flow.
1. Introduction
Rotation number is one of the most fundamental quantities characterising
the behaviour of dynamics on the circle. Since its introduction by Poincare´
more than a century ago, it has played essential role on the understanding
of the iterated deterministic dynamics on S1: from the existence of periodic
orbits to proving linear conjugacies. Its importance stems from the fact
that it is an invariant under conjugacy, allowing for classification of possible
asymptotic dynamics; we refer to Katok and Hasselblatt [6], and references
therein for the classical definitions. Among many other basic properties,
the rotation number of deterministic dynamics equals the average speed of
orbits winding around the circle (mod 2pi). Moreover, it is intrinsic in the
sense that it is independent: of the choice of the lift, of the initial condition
for the lifts, and of the orbit chosen to count the winding. These well
known properties are indispensable in order to obtain simultaneous linear
conjugacy of commuting diffeomorphisms to pure rotations [2], to establish
that the group of orientation preserving homeomorphisms of the circle is a
simple group where each of its element is generated by a product of (at most
three) involutions [3], or, as it has been recently accomplished, to investigate
general rigidity conditions of critical maps [4], just to cite a few instances.
Contrasting with deterministic dynamics, for random dynamics on the cir-
cle many of these properties actually do not hold. Rational rotation number,
for example, does not imply the existence of periodic orbit. Neither does
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irrationality of the rotation number (and regularity) imply dense orbit. One
may think of simple examples of random systems with irrational rotation
number and finite orbits: consider for instance a random dynamics gener-
ated by i.i.d. random mappings in {I,Rθ} where I is the identity and Rθ
is a pure rotation by an angle 2piθ with rational θ. Suppose that Rθ has
probability p ∈ [0, 1]\Q and I has probability 1−p. Normalising the angles
by 2pi, any reasonable definition of rotation number leads, in this case, to
an irrational averaging rotation by θp (mod 2pi), with finite orbits.
We are going to show that for random dynamics of homeomorphism pre-
serving orientation on the circle, the topological concept based on Poincare´
lifts for each random mapping and the orbit winding rotation concept even
lead to different numbers. Therefore, they measure distinct features of the
dynamics. Yet, there are several reasons why one is interested in such num-
bers. In this paper, we study these different concepts, proving existence, in-
vestigating ergodic properties, and the relation among them. We introduce
a convenient parametrisation of the topological rotation number, denoted
here by ρq,α, and the orbit winding rotation number, starting at s0 ∈ S1,
denoted here by ORs0 . The topological rotation number depends precisely
on a choice of such parameters (q, α), which encodes the dependence on the
lifts for each random homeomorphism.
Amongst many natural motivations to deal with rotation numbers for dis-
crete random dynamical systems on the circle, consider, for example, random
homeomorphisms on S1 induced by the action of random 2×2-matrices. The
rotation number for this random system on S1 is the angular counterpart
of the Lyapunov exponents for the product of these random matrices. In
this sense, for a product of random (ergodically generated) matrices, the
rotation number in invariant 2-subspaces represents the imaginary part of
a generalised eigenvalues, whose real part is represented by the Lyapunov
exponents, described in the multiplicative ergodic theorem (see e.g. Arnold
[1] and references therein).
Another motivation comes from discretisation in time of continuous sys-
tems. In general, one would like to recover the original rotation number
based on observations of the system at discrete time, sampled at intervals of
length ∆t. For deterministic systems, the original rotation number can be
recovered after renormalisation, if the interval ∆t is smaller than 12ρ , where
ρ is the rotation number (frequency). This is the classical Nyquist frequency
sampling theorem, see e.g. Higgins [5], Oppenheim and Schafer [11]. We
show here that for appropriate parameters (q, α), a sampling theorem for
stochastic systems holds, as a limit when ∆t goes to zero, if one considers
the topological rotation number ρq,α.
Several authors, from different perspectives, have addressed random dy-
namics on the circle. Just to mention a few, Ruffino has proved a sampling
theorem for linear random systems on S1 [13]. In [14, 15] Zmarrou and
Homburg studied the influence of bounded noise on bifurcation of diffeo-
morphism, while Li and Lu [9] have proved the continuity of the rotation
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number with respect to L1-norm on the lifts. Numerical simulations have
also been performed in McSharry and Ruffino [10]. Our contribution here
on clarifying the distinction among different rotation numbers is not only
to prevent ambiguities, but also to show how rich the angular asymptotic
behaviour is on random systems on S1. The paper is organised as follows.
In the next Section we introduce the random dynamics based on a prob-
ability space (Ω,F ,P). Under uniform conditions on the random lifts we
introduce the definition of the topological rotation number ρq,α. We prove
an ergodic result of existence P-a.s. for ρq,α. In Section 3, we introduce the
orbital rotation number. An ergodic result on existence also holds in this
case. Here, remarkably, it appears the dependence on the initial condition,
i.e. the dependence on the ergodic invariant measure chosen in the domain
of the skew product on Ω×S1 (or just on S1 if the system is i.i.d.). Formulae
which compare each one of these distinct rotation numbers are presented.
Finally, in Section 4, we prove a sampling in time theorem to recover the
rotation number of continuous Stratonovich stochastic dynamical systems
on S1 out of its time discretisation of the flow.
2. Topological rotation numbers ρq,α
Let (Ω,F ,P) be a probability space and f : Ω × S1 → S1 be a random
variable in H+, the space of homeomorphisms of S1 which preserve the
orientation. Let also θ : Ω → Ω be an ergodic transformation with respect
to P. We consider the dynamics given by the cocycle generated by the
composition of the sequence of random homeomorphisms in the following
sense (see e.g. Arnold [1]),
fn(ω, s0) = f(θ
n−1ω, ·) ◦ · · · ◦ f(θω, ·) ◦ f(ω, s0), for n ∈ N.
Lifts of random homeomorphims. We shall denote the covering map of
S1 by
p : R −→ S1,
x 7−→ ei2pix.
A lift of an orientation preserving homeomorphism f : S1 → S1 is an in-
creasing continuous function on the covering space F : R → R which is
semiconjugate to f by p, i.e., p◦F = f ◦p. Given a lift F of f , then F +k is
also a lift for any k ∈ Z. For a fixed lift F , one can write F (x) = Id(x)+δ(x),
where δ : R → R, is a periodic function. It measures the deviation or the
distance of a point s to its image f(s) along one of the many possible chosen
geodesics (counting periodic geodesics). This choice of angle (geodesic) is
related to the fact that the lifts are not unique. For any lift F , the associated
deviation function δ has bounded amplitude:
max
x∈R
{δ(x)} −min
x∈R
{δ(x)} < 1.
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Moreover, the deviation function δ ◦ p−1 : S1 → R is well defined by pe-
riodicity of δ. For a random homeomorphism f(ω, s) in S1, given a ran-
dom lift F (ω, x), the corresponding random deviation as a function on
S1 will be denoted, by abuse of notation, by δ ◦ p−1, in the sense that,
δ ◦ p−1(ω, s) = δ(ω, p−1(s)).
Next, we establish a criterion of uniformness on the random lifts:
Definition 1. Given an orientation preserving homeomorphism f and q, α ∈
R, we denote by Fq,α : R → R the unique lift of f such that Fq,α(q) ∈
[α, α+ 1). We call this function the (q, α)-lift of f .
We shall refer to such choices of parameters fulfilling Definition 1 as uniform
choice of lifts. The following elementary properties of the deviation periodic
function δ are direct consequences of Definition 1.
Proposition 2.1 (Basic properties). For all q, α ∈ R and f ∈ H+, write
the corresponding lift Fq,α = Id + δq,α. Then the deviation function δq,α
satisfies:
(1) Boundedness: For every x ∈ R,
(α− q)− 1 < δq,α(x) < (α− q) + 2; (1)
(2) Periodicity: for all k, l ∈ Z,
δq+k,α+l = δq,α + l − k. (2)
Proof. For item (1); note that, directly from the definition of Fq,α, we have
that α − q ≤ δq,α(q) < (α − q) + 1. Adding this inequality to the bounded
amplitude −1 < δq,α(x)−δq,α(q) < 1, the result follows. Item (2) is obvious.

We are particularly interested in the dependence of the rotation num-
ber with respect to the parameters (q, α). In contrast to the deterministic
dynamics, in random systems, the rotation number does depend on (q, α).
In order to understand this dependency and to obtain comparison formulae
relating the family of rotation numbers, it is convenient at this point to con-
sider that the rotation numbers live in the real line R rather than in R/Z.
We introduce the following definition:
Definition 2. For a choice of parameters q, α ∈ R, the (q, α)-rotation num-
ber of the random dynamical system generated by a cocycle (f, θ) is the
random variable defined by the asymptotic limit
ρq,α = lim
n→∞
Fn(ω, x)− x
n
,
when the limit exists, where Fn(ω, x) = Fq,α(θ
n−1ω, ·) ◦Fq,α(θn−2ω, ·) ◦ · · · ◦
Fq,α(ω, x).
The almost surely existence of ρq,α is proved in Theorem 2.3. Moreover, if
ρq,α exists for a certain ω ∈ Ω, it is independent of the starting point x ∈ R.
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Proposition 2.2. If the rotation number ρq,α of Definition 2 exists for a
fixed ω ∈ Ω and an initial x ∈ R, then it is independent of x ∈ R.
Proof. For every positive integer n, we have that Fn(ω, ·) defined as before
is again a lift of the composition f(θn−1ω, ·) ◦ · · · ◦ f(ω, ·) (although not
necessarily with Fn(ω, q) ∈ [α, α + 1)). Hence, its deviation (Fn − Id) has
bounded amplitude
max
x∈R
{(Fn − Id)(x)} −min
x∈R
{(Fn − Id)(x)} < 1 .
Then, for all x, y ∈ R,
|Fn(ω, x)−Fn(ω, y)| ≤ |(Fn(ω, x)−x)−(Fn(ω, y)−y)|+|x−y| ≤ |x−y|+1,
therefore
lim
n→∞
(
Fn(ω, x)
n
− F
n(ω, y)
n
)
= 0.

Let Θ : Ω × S1 → Ω × S1 be the skew product of the dynamics (f, θ)
given by Θ(ω, s) = (θ(ω), f(ω, s)). An invariant probability measure µ on
Ω × S1 factorise uniquely (a.s.) as µ(dω, ds) = νω(ds)P(dω), where νω are
random probability measures on S1, see e.g. Arnold [1, Sec. 1.4 and 1.5] and
references therein. In particular, if the sequence of random homeomorphisms
(f(θn, ·))n≥0 is i.i.d with respect to an appropriate probability space, then
µ = ν(ds)P(dω), where ν(ds) is the stationary measure on S1 for the Markov
process induced by (f(θn, ·))n≥0 a. s., see [1, Sec. 1.4.7].
Theorem 2.3 (Existence of (q, α)-rotation numbers). Let µ = νω(ds)P(dω)
be an invariant probability measure on Ω× S1 for the skew product Θ(ω, s)
associated to the cocycle (f, θ). Given parameters q, α ∈ R, the rotation
number ρq,α exists and satisfies:
ρq,α = E
∫
S1
[δq,α(ω, p
−1(s))] dνω(s) P-a.s.. (3)
Proof. For a fixed pair of parameters (q, α), we write the deviation function
δ(ω, x) := δq,α(ω, x) and δ ◦ p−1(ω, s) := δq,α(ω, p−1(s)), for the sake of
notation. From Definition 2 and induction on n we have that
Fn(ω, x) = x+ δ(ω, x) + δ
(
θω, x+ δ(ω, x)
)
+ δ
(
θ2ω, x+ δ(ω, x) + δ
(
θω, x+ δ(ω, x)
))
+ · · ·
+ δ
(
θn−1ω, x+ δ(ω, x) + δ(θω, x+ δ(ω, x)) + · · ·+ δ(θn−2ω, · · · )
)
.
For every positive integer i, one has that F i(ω, ·) is a lift of f(θi−1(ω), ·) ◦
· · · ◦ f(ω, ·), i.e.,
p
(
x+ δ(ω, x) + · · ·+ δ(θi−1(ω), . . .)
)
= f(θi−1(ω), ·) ◦ · · · ◦ f(ω, ·) ◦ p(x).
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Additionally, for every deviation function and every z ∈ R, we have, by
periodicity that δ(·, z) = δ ◦ p−1(·, p(z)). Thus, the terms in the expression
of Fn(ω, x) above can be written as
δ
(
θi−1(ω), x+ δ(ω, x) + · · ·+ δ(θi−2(ω), · · · )
)
= δ ◦ p−1
(
θi−1(ω), f(θi−1(ω), ·) ◦ · · · ◦ f(ω, ·) ◦ p(x)
)
= δ ◦ p−1
(
Θi−1(ω, p(x))
)
.
Therefore,
Fn(ω, x) = x+
n∑
i=1
δ ◦ p−1
(
Θi−1(ω, p(x))
)
.
We may suppose µ is an ergodic invariant probability measure for the
skew product on Ω×S1. We obviously have that δ ◦ p−1 ∈ L1(µ). Then, by
the Birkhoff’s ergodic theorem, one has that
ρq,α = lim
n→∞
Fn(ω, x)− x
n
= IE
[ ∫
S1
δ ◦ p−1(ω, s) dνω(s)
]
µ-a.s..
Proposition 2.2 tells us that the rotation number ρq,α above is independent
of the initial point in S1. Hence, the subset of Ω × S1 where the equality
above holds extends to the whole vertical fibre, i.e., it is a Cartesian product
Ω′ × S1, for some Ω′ ⊂ Ω. Since (θ,P) is ergodic, Ω′ has full P-probability
measure. Therefore, if there exist more than one ergodic component in the
ergodic decomposition of invariant measures, the extension to the whole
vertical fibre stated by Proposition 2.2 implies that the rotation numbers
ρq,α corresponding to each ergodic component must coincide.

Note that the boundedness of the deviations δq,α for the (q, α)-lifts stated
by inequality (1) implies that (α−q)−1 < ρq,α < (α−q)+2, and inequality
(2) implies that ρq+k,α+l = ρq,α + (l − k).
In contrast to the uniform choice of lifts as established in Definition 1,
consider a nonuniform choice of random lifts F (ω). Then, for fixed parame-
ters (q, α), we have F (ω) = Fq,α +N(ω), where N(ω) is an integer random
variable.
Corollary 2.4. If we consider a nonuniform choice of random lift given by
F (ω) = Fq,α +N(ω), where N(ω) is an integrable integer random variable,
then the associated rotation number for this lift exists and it is given by
ρF (ω) = lim
n→∞
Fn(x)− x
n
= ρq,α + E[N ].
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Proof. The proof of Theorem 2.3 holds for any random lift F (ω). Given
F (ω) = Fq,α + N(ω), with N(ω) integrable, we have that the deviation
function for this lift is δ = δq,α(ω, x) + N(ω). Hence the statement follows
directly from the ergodic formula (3) of Theorem 2.3.

Last Corollary says, in particular, that if the choice of the lifts are nonuni-
form, the associated “rotation number” can be any real number, without any
well defined dynamical meaning. Here we point out a criticism on the ap-
proach of [9], where the lifts are arbitrary (integrable), as in the statement of
the Corollary 2.4. In fact, this Corollary together with Proposition 2.5 ahead
say that there is no canonical choice for the parameters (q, α), hence there
is no canonical choice of rotation number. In Section 4, (see Remark 4.2)
we are going to show that the lifts close to the identity in R, precisely, with
q − 1 < α < q, are somehow the right choices.
We can now obtain a probabilistic formula of comparison between distinct
rotation numbers ρq,α and ρq′,α′ in terms of their parameters. Before doing
that, it is convenient to set the following notation. For the sets of parameters
(q, α) and (q′, α′), and i, j ∈ Z, consider
Ai :={ω ∈ Ω : Fq,α′(ω, q′) ∈ [α′ + i, α′ + i+ 1)}, and
Bj :={ω ∈ Ω : Fq,α(ω, q) ∈ [α′ − j, α′ − j + 1)}.
For an interpretation of the disjoint sets Ai, we represent in Figure 1(a) a
fragment of the graphic of Fq,α′(x) for two distinct hypothetical ω1 and ω2
for q′, say, in a neighbourhood of [q, q + 1]. For q′ in other subintervals, the
interpretation is just an extension of what happens in a neighbourhood of
[q, q + 1]. For b − 1 < q′ < a we have that ω1, ω2 ∈ A0. For a < q′ < b
we have that ω1 ∈ A1, and ω2 ∈ A0. And for b < q′ < a + 1 we have that
ω1, ω2 ∈ A1. The picture also shows that the Ai’s are all empty, except when
i ∈ {bq′ − qc, bq′ − qc+ 1}. Observe that if q′ = q + n, for an integer n then
An = Ω is the only nonempty set in the family (Ai)i∈Z. Analogously, for an
interpretation of the sets Bj , we represent in Figure 1(b) a fragment of the
graphic of Fq,α for two distinct ω1 and ω2 in a neighbourhood of q. We are
interested on the dependence of the sets Bj on the parameter α
′, running
in the vertical axes. For d − 1 < α′ < c we have that ω1, ω2 ∈ B0. For
c < α′ < d we have that ω1 ∈ B1, ω2 ∈ B0. And for d < α′ < c+ 1 we have
that ω1, ω2 ∈ B1. From the picture, one also sees that the Bj are all empty,
except when j ∈ {bα′−αc, bα′−αc+ 1}. Observe that if α′ = α+n, for an
integer n then Bn = Ω is the only nonempty set in the family (Bj)j∈Z.
Let us define
k = min {i ∈ Z, such that P (Ai) > 0} , and
l = min {j ∈ Z, such that P (Bj) > 0} .
Note that k above, as a function of q′, is right-continuous, non-decreasing,
constant by parts, with unitary jumps at the points of a sequence (q′n)n∈Z
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q a b q+1
(a)
q
(b)
Figure 1. (a) Interpretation of the sets Ai. (b) Interpreta-
tion for sets Bj .
with unitary increments, such that k(q′n) = n and q′0 ≤ q < q′1. Moreover,
the probability P(Ak(q′)) is a right-continuous periodic function depending
on q′, with unitary positive jump discontinuities at the points of the sequence
(q′n)n∈Z. It is decreasing in each interval [q′n, q′n+1), with P(Ak(q′)) = 1 if
q′ = q′n and decreases to zero when q′ approaches q′n+1 on the left. Analo-
gously, l as a function of α′, is right-continuous, non-decreasing, constant by
parts, with unitary jumps at the points of a sequence (α′n)n∈Z with unitary
increments, such that l(α′n) = n and α′0 ≤ q < α′1. Moreover, the probabil-
ity P(Bl(α′)) is a right-continuous periodic function depending on α′, with
unitary positive jump discontinuities at the points of the sequence (α′n)n∈Z.
It is decreasing in each interval [α′n, α′n+1), with P(Bl(α′)) = 1 if α′ = α′n
and decreases to zero when q′ approaches α′n+1 on the left.
We can state now the following relation between the rotation numbers
ρq,α, and ρq′,α′ .
Proposition 2.5. Let (q, α) and (q′, α′) be two sets of parameters for the
rotation number of Definition (2). Then we have that
ρq′,α′ = ρq,α + P(Ak(q′))− P(Bl(α′))− k + l.
Proof. By the definition of the uniform random lift Fq,α′(ω, ·) we have that
P(Ak∪˙Ak+1) = 1. Therefore,
Fq′,α′(ω, x) = Fq,α′(ω, x)− k 1Ak(ω)− (k + 1) 1Ak+1(ω)
= Fq,α′(ω, x) + 1Ak(ω)− k − 1,
and thus, the deviations δq′,α′ = δq,α′+1Ak−k−1. This implies, by Theorem
2.3, in particular that
ρq′,α′ = ρq,α′ + P(Ak)− k − 1. (4)
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Again, by the uniformness of the lifts Fq,α we have that P(Bl∪˙Bl+1) = 1,
and,
Fq,α′(ω, x) = Fq,α(ω, x) + l 1{Bl}(ω) + (l + 1) 1{Bl+1}(ω)
= Fq,α(ω, x)− 1Bl(ω) + l + 1.
Hence, the deviations δq,α′ = δq,α − 1Bl + l + 1. This implies, by Theorem
2.3, that
ρq,α′ = ρq,α − P(Bl) + l + 1. (5)
The result now follows by Formulae (4) and (5) above.

From Proposition 2.5 and the comments right before it, we have that, for
a fixed α, the rotation number ρq,α is right-continuous and decreasing with
respect to q. And for a fixed q, the rotation number ρq,α is right-continuous
and increasing with respect to α. Moreover, discontinuities with respect to
(q, α) happens if and only if there exist an atom in the distribution of the
random variable Fq,α(ω, q
′) for a certain q′. If instead the random variable
Fq,α(ω, q
′) is absolutely continuous with respect to Lebesgue measure in R
for all q′ ∈ R (actually for q′ ∈ [q, q + 1) is enough), then ρq,α is continuous
in (q, α).
Li and Lu, in [9, Thm. A.ii], have proved that if a random lift F (ω)
is integrable, then, the map L1(Ω) 7→ ρ, which sends lifts F (ω) into its
associated rotation number, is continuous. In our case, if the distribution of
the random variable Fq,α(ω, q
′) does have atoms, it generates discontinuities
for the rotation number ρq,α, which does not contradict the continuity result
of Li and Lu since, in this case, (q, α) 7→ L1(Ω) is not continuous.
3. Rotation number of orbits
In this section we explore the concept of rotation number based on the
physical observation of the angular behaviour of single orbits. Fix an s0 ∈ S1
and consider its random trajectory sn = f(θ
n−1(ω), ·) ◦ · · · ◦ f(ω, s0). We
are going to lift this orbit to R as an increasing random angle with bounded
jumps. The asymptotic average speed in R is the rotation number of its
orbit. More precisely, let γ0 ∈ [0, 1) be the initial normalised angle, i.e.
p(γ0) = s0. Defining by induction γn ∈ R as the angle in R, such that,
p(γn) = sn and γn−1 ≤ γn < γn−1 + 1, gives us the following.
Definition 3. The rotation number of the random orbit sn starting at s0 is
defined by the random variable
OR(s0) = limn→∞
γn − γ0
n
,
when the limit exists.
Next, we show that the rotation number of orbits exists almost surely
with respect to ergodic invariant measures for the skew product on Ω× S1.
Differently from the topological rotation number ρq,α of the previous section,
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the rotation number of orbits can in fact depend on the initial condition,
c.f. Example 1 below.
Theorem 3.1. Let µ be an ergodic invariant probability measure for the
skew product Θ on Ω×S1. Then the rotation number of an orbit (sn) exists
for µ-almost every (ω, s0).
Proof. Let δ¯(x) be the unique (possibly discontinuous) deviation function
with image in [0, 1), such that, F¯ (x) = Id(x) + δ¯(x) satisfies f(ω, ·) ◦ p =
p ◦ F¯ (ω, x), i.e., F¯ is a discontinuous lift of the homeomorphism f . The
dynamics of the increasing angles γn can be described in terms of this dis-
continuous lift F¯ as follows:
γn = F¯ (θ
n−1(ω), ·) ◦ · · · ◦ F¯ (ω, γ0).
The rest of the proof follows as in the proof of Theorem 2.3, since the same
calculation there also holds for discontinuous lifts. We have obviously that
δ¯ ∈ L1(µ), hence,
OR(s0) = E
∫
S1
δ¯(ω, x) νω(ds) µ- a.s.

Next Corollary gives a comparison formula between the orbit rotation
number ORs0 of this section and the family of topological rotation numbers
ρq,α of the last section.
Corollary 3.2. Fix a pair of parameters (q, α). For each ergodic invariant
probability measure µ(dω, ds) = νω(ds)P(dω) on Ω× S1 we have that
OR(s0) = ρq,α −k E [µω{s ∈ S1 : δq,α(p−1(s)) ∈ (k, k + 1)}]
−(k + 1) E [µω{s ∈ S1 : δq,α(p−1(s)) ∈ [k + 1, k + 2)}]
−(k + 2) E [µω{s ∈ S1 : δq,α(p−1(s)) ∈ [k + 2, k + 3)}]
µ-a.s., where k = b(α− q)− 1c.
Proof. We write the discontinuous deviation δ¯(ω, x) ∈ [0, 1) associated to
OR(s0) in terms of the uniform deviation δq,α. In order to do that, we only
have to add to δq,α appropriate integers which depend on ω and on x ∈ R.
Inequality (1) says that (α − q) − 1 < δq,α(x) < (α − q) + 2, which implies
that this correction random integer ranges only in the set {k, k + 1, k + 2}.
In particular, one checks that
δ¯(ω, x) = δq,α(x) − k 1{δq,α(ω,x)∈(k,k+1)}
− (k + 1) 1{δq,α(ω,x)∈[k+1,k+2)}
− (k + 2) 1{δq,α(ω,x)∈[k+2,k+3)}.
The result follows by the ergodic formula at the end of the proof of Theorem
3.1.

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As an example, one verifies that with parameters (q, α) = (0, 0), we have
that OR(s0) = ρ0,0 + E[µω{s ∈ S1 : δ0,0(p−1(s)) < 0}] − E[µω{s ∈ S1 :
δ0,0(p
−1(s)) ≥ 1}], µ-a.s..
Next example is a simple construction which shows the dependency of the
orbit rotation number with the initial condition of the skew product Θ.
Example 1. Parametrise S1 by x 7→ e2pixi with x ∈ (−1/2, 1/2]. Let
Ω = {1, 2, 3, 4}, with P[i] = 14 for every i ∈ Ω. Consider the ergodic
transformation given by the permutation which in cycle notation is θ =
(1, 2, 3, 4). Let f(1), f(2), f(3), f(4) : S1 → S1 be homeomorphisms in H+
such that f(ω, 0) = 0, for all ω ∈ Ω and f(1, 1/8) = 3/8, f(2, 3/8) = −3/8,
f(3,−3/8) = −1/8 and f(4,−1/8) = 1/8. For this random dynamics we
have that ρ0,α = bαc, since zero is a fixed point and δ0,α(ω, 0) = bαc for all
ω ∈ Ω. The orbit rotation number starting at zero is given by OR0 = 0,
corresponding to a Dirac invariant measure at zero for all ω ∈ Ω. Neverthe-
less, for x0 = 1/8, ω = 1 we have that the evolution of increasing angles is
given by
γn =
2n+ 1
8
,
which yields OR 1
8
= 1/4, corresponding to the ergodic invariant measure µ
given by the normalised sum of Dirac measures in (1, 18), (2,
3
8), (3,−38) and
(4,−18), i.e. a periodic orbit of Θ.
4. Sampling time Theorem
In [13] it has been studied the rotation number for a sequence of random
matrices acting on R2. Such quantity corresponds to a counter part of the
Oseledet’s theorem for Lyapunov exponents for a product of random matri-
ces with invariant 2-subspaces, see e.g., Arnold [1] and references therein.
In the context of linear systems on S1, it was proved in that paper a sam-
pling theorem for discretisation of the flow at time interval ∆t, such that,
the rotation number of the discrete system, when rescaled by 1∆t , converges
to the rotation number of the original continuous systems. The main result
in this section generalises this sampling theorem, extending its scope from
linear systems acting on S1 to nonlinear equations intrinsic on S1. We are
going to show that, adequate choices of the parameters (q, α) will lead to
a compatibility of the definitions of rotation numbers for discrete systems
with continuous systems.
Consider a classical stochastic flow of diffeomorphisms on S1 generated
by a Stratonovich differential equation:
dst = H
0(st) dt+
m∑
j=1
Hj(st) ◦ dBjt (6)
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with initial condition s0 ∈ S1, where H0, H1, . . . ,Hm are smooth vector
fields on S1 and (B1t , . . . , B
m
t ) is a standard Brownian motion on Rm with
respect to a filtered probability space (Ω,F ,Ft,P). Here we consider the
classical Wiener space Ω = {σ : [0,∞] → R, continuous, with σ(0) = 0}
with the Wiener probability measure, such that the canonical process t 7→
ω(t) is a Brownian motion. The ergodic shift θt : Ω → Ω is given by
θt(ω)(s) = ω(t + s) − ω(t), for all t ≥ 0. Equation (6) can be lifted to the
covering space R, and written as
dxt = h
0(xt) dt+
m∑
j=1
hj(xt) ◦ dBjt (7)
with initial condition x0 such that p(x0) = s0, where the functions h
i, i =
0, 1, . . . ,m are periodic with hi(x) = H i(p(x)) for all x ∈ R. If xt is a
solution of equation (7), then st = p(xt) solves Equation (6). Let ϕt denote
the stochastic flows of diffeomorphisms on S1 generated by Equations (6),
and let ψt denote the stochastic flows of diffeomorphisms on R generated
by Equations (7). Then p ◦ ψt = ϕt ◦ p, i.e. ψt are Poincare´ lifts of ϕt for
all t ≥ 0. The classical rotation number of the continuous stochastic flow
ϕt : S
1 → S1 is given by the average winding of trajectories:
rot(ϕ) = lim
t→∞
ψt(ω, x0)
t
whose existence P-almost surely is guaranteed by standard stochastic anal-
ysis technique and the ergodic theorem for Markov process, see e.g. [12].
This rotation number is independent of x0 and is given by
rot(ϕ) =
∫
S1
H0(s) +
1
2
m∑
j=1
(
dH i(s)H i(s)
)
dν(s) P-a.s.,
where ν is an ergodic invariant measure on S1 for the diffusion generated
by equation (6).
Next theorem says that if the parameters q and α are in an appropriate
range, when we sample the time periodically at an interval ∆t > 0, then
the normalised rotation number ρq,α of the discrete cocycle of diffeomor-
phisms ϕ∆t recover the original (continuous) rotation number rot(ϕ), when
the frequency of sampling tends to infinite.
Theorem 4.1. For q − 1 < α < q ∈ R, the rotation number of a stochastic
continuous systems (6) can be recovered by the limit of the rescaled rotation:
rot(ϕt) = lim
∆t→0
ρq,α(ϕ∆t)
∆t
,
where ρq,α(ϕ∆t) is the topological rotation number of the discrete random
system generated by ϕ∆t(ω, ·) with respect to the canonical shift θ = θ∆t in
the probability space Ω.
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For proving 4.1, we exploit the fact that at each time t ≥ 0, the flow
ψt(ω, ·) for the system on R, Equation (7), is a lift of the system ϕt(ω, ·) on
S1, Equation (6). We have to control, for t > 0, those lifts ψt = Id+δt whose
corresponding deviation δt are not in the prescribed interval δt(q) ∈ [α, α+1).
Proof of Theorem 4.1. Let F∆t(ω) : R → R denote the (q, α)-lift of ϕt ac-
cording to Definition 1. Then F∆t = ψ∆t + N∆t(ω), where N∆t(ω) is a
random integer variable. By the cocycle property and Corollary 2.4, we
have that for n ∈ N,
rot(ϕ) = lim
n→∞
ψn∆t(x0)− x0
n∆t
= lim
n→∞
ψ∆t(θ
n−1ω, ·) ◦ · · · ◦ ψ∆t(θω, x0) ◦ ψ∆t(ω, x0)
n∆t
=
1
∆t
(ρq,α(ϕ∆t) + E[N ]) .
Therefore, we only have to prove that
lim
∆t↘0
E[|N |]
∆t
= 0.
Note that the random variable N counts how many times continuous tra-
jectories of the original system on S1 cross, in the anticlockwise direction,
the point p(α) ∈ S1 up to time ∆t. Thus, we have that
N(ω) =
∑
n∈Z
n1Ωn ,
where
Ωn = {ψ∆t(ω, q) ∈ [α+ n, α+ n+ 1)} .
We control the expectation of N using boundedness on the distribution of
ψ∆t(ω, q). Let p(t, x, y) be the density of the transition probability measure
associated to a non-degenerate diffusion given by Equation (7). Then, there
exists a constant M > 0 such that,
1
M
√
t
e−M
(x−y)2
t ≤ p(t, x, y) ≤ M√
t
e−
(x−y)2
Mt .
See Kusuoka and Stroock [7, 8]. LetN+ = max{N, 0} andN− = max{−N, 0},
such that N = N+ −N−. Hence, for the positive part N+
E[N+] ≤ M
∫ ∞
α+1
(bx− (α+ 1)c+ 1) 1√
∆t
exp
{
−(x− q)
2
M∆t
}
dx
≤ M
∫ ∞
α+1
(x− α) 1√
∆t
exp
{
−(x− q)
2
M∆t
}
dx.
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And for the negative part:
E[N−] ≤ M
∫ α
−∞
(bα− xc+ 1) 1√
∆t
exp
{
−(x− q)
2
M∆t
}
dx
≤ M
∫ α
−∞
(α− x+ 1) 1√
∆t
exp
{
−(x− q)
2
M∆t
}
dx.
Changing variables, for ∆t ∈ (0, 1) we have that
E[N+] ≤ M 32
∫ ∞
α−q+1√
M∆t
(√
Mu+ q − α
)
exp
{−u2} du
and
E[N−] ≤ M 32
∫ ∞
q−α√
M∆t
(√
Mu+ α− q + 1
)
exp
{−u2} du
Hence E[N+] and E[N−] goes to zero when ∆t goes to zero. Moreover,
by standard calculus argument, using that limz→0 exp
{−1z} zβ = 0 for any
exponent β ∈ R, then finally we get that
lim
∆t↘0
E[N+]
∆t
= lim
∆t↘0
E[N−]
∆t
= 0.

Remark 4.2. We remark that this sampling theorem does not hold either if
α ≥ q or if α ≤ q−1. In this case, note that either E[N+] or E[N−] does not
converge to zero when ∆t goes to zero. Also, the theorem does not hold if
one consider the rotation number of orbits (Section 3). As a counterexample
consider a deterministic system driven by a North-South vector fields in S1
embedded in R2. The rotation number rot(ϕ) of the continuous system is
obviously zero. But the orbit rotation number ORs0 for any discretisation
in time of the flow is zero for orbits with s0 on the right hand side of S
1,
and 1 for orbits with s0 on the left hand side of S
1, independently of the
time interval of discretisation ∆t.
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